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Abstract. The self-adjointness of H + V is studied, where H — —ia ■ V + m/3 is the free 
Dirac operator in R 3 and V is a measure-valued potential. The potentials V under consid- 
eration are given by singular measures with respect to the Lebesgue measure, with special 
attention to surface measures of bounded regular domains. The existence of non-trivial 
eigenfunctions with zero eigenvalue naturally appears in our approach, which is based on 
well known estimates for the trace operator defined on classical Sobolev spaces and some 
algebraic identities of the Cauchy operator associated to H . 

RESUME. Nous etudions le caractere auto-adjoint de H + V , ou H = — ia ■ V + m/3 est 
l'operateur de Dirac libre dans R 3 et V est un potentiel a valeur mesure. Les potentiels 
V considered sont donnes par mesures singulieres par rapport a la mesure de Lebesgue, 
avec attention particuliere pour le cas des mesures de surface de domaines bornes reguliers. 
L'existence de fonctions propres non triviales a valeur propre nulle apparalt de facon na- 
turelle dans notre approche, qui est basee sur des estimations connues pour l'operateur trace 
defini dans les espaces de Sobolev classiques et quelques identites algebriques de l'operateur 
de Cauchy associe a H. 



1. Introduction 

In this article we investigate the self-adjointness in L 2 (M 3 ) 4 of the free Dirac operator 

H = —ia ■ V + m/3 (for m > 0) 

coupled with measure-valued potentials, where a = (01,02,03) and otj for j = 1,2,3 and (3 
denote the so-called Dirac matrices (see (|13p in Section [3] for the details about H). Recall 
that H acts on spinors ip(x) = (^)( x ) with x G M 3 and (p(x),x( x ) £ C 2 . Moreover, H is 
invariant under translations and, for m = 0, it is also invariant under scaling because, if 

(f\(x) = X^ 1 ip(Xx) for A > 0, 

then H(px(x) = H(p(Ax). We are interested on critical perturbations of H, i.e., those given 
by potentials V(x) such that, when measured in an appropriate function space, the rescaled 
potentials 

(1) V x (x) = XV(Xx) for A > 

also belong to the same space and have the same size. We shall pay special attention to 
potentials given by measures a such that 

(2) a(B) < Cdiam(B) 2 
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for any ball Bel 3 (in particular, a and the Lebesgue measure in R 3 are mutually singular), 
and more precisely to surface measures of bounded regular domains. Note that, for balls 
centered at the origin, ([2]) is invariant under the scaling given by (pQ) in the distributional 
sense. 

The main question that we want to address is the following: in which sense these critical 
perturbations can be considered small with respect to the free Dirac operator H ?. This can 
be seen as a very first step to understand more complicated settings, like for example those 
where V is given by a non-linear potential. At this respect it is worth mentioning that, as 
far as we know, all the available results concerning non-linear Dirac equations involve, in one 
way or another, some kind of smallness either on the size of the initial data or on the time 
of existence (see [10], [15], [3]). 

The first kind of perturbation one could think about is the one given by potentials V that 
are hermitian and that grow like the classical Coulomb potential, that is 

M 1^(^)1 < v for some v > 0. 

For v < 1, there exists a unique domain D where H + V is selfadjoint and such that D is a 
subspace of the space of spinors with finite kinetic and potential energy, i.e., 

D C € L 2 (M 3 ) 4 : (J 4 - A) 1/4 (v?) € L 2 (R 3 ) 4 and J \<p\ 2 ^ < +oo| , 

where I4 denotes the identity operator on L 2 (IR 3 ) 4 (see |13j). It is well known that, for 
V(x) = v/\x\ and \u\ > 1, the hamiltonian is not essentially self-adjoint (see [21])) and it 
does not seem to exist a natural choice among all the possible extensions. Concerning the 
critical case v = ±1, little is known. For scalar potentials 

V(x) = v(x)l4 with v(x) £ R, 

partial results have been obtained in [9|. The existence of a threshold at v = 1 is a conse- 
quence of a sharp inequality of Hardy type that involves H instead of the usual gradient. 
Note that H does not leave invariant the set of radial spinors, hence this Hardy's inequal- 
ity is not a straightforward extension of the classical one. Besides, recall that H is not a 
semibounded operator. In fact, assume that V(x) = V(—x) and that <p(x) = is an 

eigenfunction with eigenvalue A. Then (p(x) = x) is an eigenfunction with eigenvalue 

—A. This elemental property plays a role in one of the main results in this paper, namely 
Theorem EE 

Motivated by the examples of potentials with Coulombic type singularities, we want to 
investigate the case of potentials with a singular support on a hypersurface EcK 3 ; spheres 
and hyperplanes are fundamental examples. One may assume without loss of generality that 
the sphere is 

S 2 = {x € M 3 : \x\ = 1} 

and the hyperplane is 

R 2 x {0} = {(x 1 ,x 2 ,x 3 ) S I 3 : 13 = 0} . 

The case of the sphere has been studied by different authors like, for example, [1], [1], [7], 
and [20] (see also the references there in). The closest results to ours are those obtained in [1], 
where a wide variety of hamiltonians given by potentials V supported on S 2 are considered. 
Besides, spectral questions of these hamiltonians are studied. One of the interesting features 
proved in [3] is that it seems to be no size condition at all on the potential V which prevents 
from self-adjointness. 
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The approach in [4] heavily relies on the use of the spherical symmetry and, in particular, 
on the decomposition in spherical harmonics. Prom our point of view, the use of spherical 
harmonics has the strong limitation that the domain of definition of the hamiltonians is not 
explicit. This drawback does not exist in our approach, which it is essentially based on the 
use of the trace inequality for functions of the classical Sobolev space Ty 1,2 (IR 3 ) which will 
be introduced later on. As a consequence, for proving self-adjointness, we do not make any 
particular use of any symmetry, and our result holds for quite general E. 

Regarding the case of the hyperplane {X3 = 0}, Fourier analysis is available and provides 
a simpler approach. In fact, the domain of definition of the hamiltonians under study is 
completely explicit, as it will be seen. Moreover, it becomes evident the existence of some 
critical values for some specific potentials. These critical values play a fundamental role and, 
as far as we know, they have been completely overlooked in previous works. 

For the purpose of this introduction, let us focus on the case where the potential is a 
(5-shell on E = R 2 x {0} C R 3 (see Proposition 13.101 below for the details). In order to define 
the hamiltonian 

H + A5 S with Ael, 

it is natural to consider a subspace of 

W 1 ' 2 ^ 3 ) 4 + {((>* go : g€ L 2 (E) 4 } c L 2 (R 3 ) 4 

as the domain of definition. In that statement, <j) denotes the fundamental solution of H (see 
Section [3]) and go is a singular measure with support on E and given by an L 2 (E) 4 density 

g(xi,X2)\ dx\dx2 < +oo. 

It is not hard to prove that 4> * go has a jump discontinuity on the hyperplane E. Hence, 
following [3], we may define 

\6x(<t>*go) = ~(c + (g) + C„(g)), 

where 

C±{g){x 1 ,x 2 ) = lim U* ga)(x 1 ,x 2 ,x 3 ). 

x 3 ->-0± 

It turns out that, for this type of hamiltonians, there is a big difference whether A = ±2 or 
not. Actually, the domain of definition of the hamiltonian for A = ±2 is completely different 
from the case of A ^ ±2 (see Proposition 13. 101 for the details), which is a consequence of (|30p 
below. Moreover, if A = ±2 then there exist non-trivial eigenfunctions with eigenvalue zero, 
something that does not hold if A ^ ±2. Let us mention that the values A = ±2 appear 
independently of the hypersurface E, they actually come from the well known identity 

(3) - 4(C ct (q -N)f = h 

proved in Lemma 13.31 where ./V denotes the (exterior) unit normal vector field to E and Co- 
is the Cauchy operator associated to H and E. 

Nevertheless, the use of Fourier analysis in the case E = {x% = 0} hides the fundamental 
algebraic property that allows us to obtain such explicit results. In fact, the hyperplane has 
the property that the anticommutator 

{a ■ N, C a } = {a ■ N)C a + C a {a ■ N) 

is identically zero. It is easy to see that {a • N, C a } does not vanish in general (the case 
of the sphere is an example, see Proposition 13. 10[) . This feature of the anticommutator 
is equivalent to a spectral property of the hamiltonian H + A5s, namely, the existence of 
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non-trivial eigenfunctions with eigenvalue zero. We think that this is a relevant connection 
and it can be seen as an extra bonus of our approach with respect to those available in 
the literarure. The situation is particularly simpler when X is the boundary of a regular 
bounded domain, because in this case {a-N, C a } is a compact operator and Fredholm 
theory applies. In fact, the eigenvalues of this compact operator can be written in terms of 
those A's for which a non-trivial eigenfunction either for H + A<5s or for H — A5_s exists, 
where — X = {x € M 3 : —x £ X}. We should mention that this happens as long as A 7^ ±2. 
In this article, the case A = ±2 is only considered for X = M? x {0}, and it is unclear what 
can be expected for general surfaces (including the sphere). We think that this is a relevant 
open problem and we plan to work on it in the future. 

Regarding the results of this article, the ambient Hilbert space is L 2 (M 3 ) with respect to 
the Lebesgue measure, and H is defined in the sense of distributions. For suitable singular 
measures a and L 2 (o") 4 -valued potentials V we find domains D C L 2 (M 3 ) in which H + V is 
an unbounded self-adjoint operator. As in the case of the hyperplane, our approach is based 
on the fact that, if 

(p£Dc L 2 (R 3 ) 4 and (H + V)(ip) € L 2 (R 3 ) 4 , 

then H((p) has to be the sum in the sense of distributions of a function G € L 2 (M 3 ) and 
another in g € L 2 (cr) 4 , because of V. By the same reason, V(p>) should coincide with —g. 
Therefore, ip should be the convolution <p * (G + g). To guarantee that H + V is symmetric 
on D, we impose some relations between G and g, but these relations must not be too strong 
because, for obtaining self-adjointness, D can not be too small. 

In this direction, our first main result is Theorem 12.111 which deals not only with H but 
with general symmetric differential operators L on L 2 (W l ) b with constant coeffitients (n > 2, 
b > 1). With the aid of bounded self-adjoint operators A : L 2 (a) b — > L 2 (cr) b , in Theorem 
I2.11l we construct domains D where L + V is self-adjoint (or essentially self-adjoint), basically 
by relating G and g through A for all ip = <p * {G + g) G D. Depending on the relations 
that we impose, we have to require extra properties on A to ensure self-adjointness. In this 
theorem, V is taken so that L + V : D —> L 2 (M. 3 ) b . Indeed, Theorem 1 2 . 1 1 1 can be considered 
as a method for constructing self-adjoint extensions of the differential operator L initially 
defined on C£°(supp(o") c ), due to the fact that V lives in supp(cr) and thus it vanishes on the 
latter function space. 

Our second main result in this article is Theorem 13. 8\ where the case of the Dirac operator 
H coupled with specific potentials V living on the boundary of a regular bounded domain Q 
is treated. In this setting, the functions (p = (j) * (G + g) have boundary values ip± when we 
approach to <9f2 = X from inside/outside f2. The potentials under consideration in Theorem 
ESI are 

V\(<p) = Afe(c^) = - (99+ + </?_) 

for A € M, that is to say the <5-shell potentials that we have mentioned above in the case of 
the sphere and the hyperplane. The existence of the critical values A = ±2 and some Aj's 
for which kv(H + V) 7^ are described in the statement of the theorem. As we already said, 
this latter property is a consequence of the fact that {a ■ N,C a } is not trivial and compact. 

In Theorem 13. 121 we consider potentials defined in terms of some commutativity property. 
In particular, the theorem applies to some particular magnetic potentials (see (i) and (ii) 
in Subsection I3.2|) . Theorem 13.131 is devoted to general potentials satisfying a smallness 
condition (see (in), (iv), and (v) in Subsection 13.21 for some examples). 

Concerning the structure of the article, Section [2] is devoted to construct the aforemen- 
tioned self- adjoint extensions of symmetric differential operators, which are interpreted as a 
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coupling with suitable measure-valued potentials, by using a fundamental solution and sin- 
gular measures. Subsections 12.11 [2T2l and 12.31 contain the preliminaries, and the main result 
of the section is in Subsection 12.41 namely Theorem 12.111 

In Section [3] we focus our attention to the Dirac operator. The first part of the section 
contains some basics on its fundamental solution as well as a direct application of Theorem 
12. lll to the Dirac operator coupled with quite general measure- valued potentials. Subsection 
13.11 is devoted to the study of potentials living on the boundary of a Lipschitz domain. 
We first provide some preliminaries about boundary values (such as Plemelj-Sokhotski jump 
formulae) and a proof of ([3]), as well as some other properties of C a . Afterwards, we show the 
three main results of the subsection, namely Theorems 13.81 13.121 and 13. 131 above-mentioned. 
Proposition l3.10l contains some particularities of Theorem l3.8l for the case of the plane and the 
sphere. Finally, Subsection 13.21 provides some examples of potentials which fit in Theorems 
13321 and I3T31 

2. SELF-ADJOINT EXTENSIONS OF SYMMETRIC DIFFERENTIAL OPERATORS 

2.1. Basic definitions and notation. For the sequel, C > denotes a constant which 
may change its value at different occurrences. Throughout this section n, b > are fixed 
integers and d is real number such that < d < n, unless we specify something different at 
each particular situation. 

Given a positive Borel measure v in M. n , set 



and denote by {-,-) u and || • \\ u the standard scalar product and norm in L 2 (v) b , i.e., 
(f,g) v = J f.gdv and II/H2 = / \f\ 2 dv for f,ge L 2 {v) b . Set V = C™{R n ) b (C^-valued func- 
tions defined in K" and which are C°° with compact support), and T>* denotes the space of 
distributions in M. n with respect to space of test functions T>. We write or 1 interchangeably 
to denote the identity operator on L 2 {v) b . 

Let fi denote the Lebesgue measure in M n . Given a Borel measure a in M n , we say that 
a is (i-dimensional if a(B(x,r)) < Cr d for all x € R n , r > 0. We also say that a is d- 
dimensional Ahlfors-David regular, or simply d-AD regular, if C~ l r d < a(B(x,r)) < Cr d 
for all x 6 supp(a) and < r < diam(supp(<r)). 

Finally, we introduce the auxiliary space 



2.2. Symmetric differential operators and fundamental solutions. Let L : T> — > T> 

be a differential operator with constant coefficients and symmetric with respect to (•, -)^, 
that is (L(f),g)^ = (f,L(g))^ for all f,g E X>. By duality, L is also defined in V* , thus we 
also have that L : V* -> V*. 

Let 4> = {<i>j,k)i<j,k<b be a (matrix-valued) fundamental solution of L, so <\> * L(f) = f for 
all / G V. As usual, we denote by the transpose of 4> and by <p the complex conjuate of 4>, 
that is, (</>*) j 5 fc = 4>kj and {4>)j,k = 4>j,k for all 1 < j, k < b. For the sequel, we assume that 
4> satisfies the following conditions: 

(i) (t>j,k G C°°(R" \ {0}) for all 1 < j, k < b, 
(ii) (f){x — y) = ^(y — x) for all x, y G W 1 such that x ^ y, 
(Hi) there exist 7, 5 > and < s < n such that 

(a) sup 1<Jjfc<f) \4>j^{x) I < C|x|~ n+S for all \x\ < 5, 
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(b) sup 1 < i)fe < 6 |0 J - >fe (a;)| < Ce~^ for all \x\ > 1/6, 

(c) sup^fc^ sup 56R n(l + |£| 2 )' /2 |.F%fc)(f)l < oo- 

We should mention that s corresponds to the order of L. It is an exercise to show that 
(b) + (c) imply (a), but we state (a) separately because we are going to use it explicitely 
in the sequel. Furthermore, (ii) is a consequence of the fact that L is symmetric, and one 
formally has 

(f,g)^ = *£(/),$)„ = {L(f),<f>*g) ll = (/ ', L(<f> * g)) „ 

for all f,g&V, thus * L(/) = L(<f) * f) = f for all / € P. 

Given a positive Borel measure z/ in R n , / € L 2 ^) 6 , and x G M n , we set 



(0 * fv){x) = J <p(x- y)f(y) du(y), 
whenever the integral makes sense. Observe that (<j) * fv)(x) is a vector of b components. 

2.3. Preliminary results. This section is devoted to prove auxiliary lemmata necessary to 
state and prove the main result of Section 12.41 



Lemma 2.1. Let v be a d- dimensional measure in R n with < d < n. If 2s > n — d, then 
\\<j> * 0f IU - C h\\v f° r al1 9 G L 2 (v) b . 

Proof. Set K{x) = sup 1<J - )fc<6 \(f>j^(x)\ for {0}. Let e be such that 

max{0, d — 2n + 2s} < e < min{d, ci — n + 2s}. 

Then, by Cauchy-Schwarz inequality, 

/ r \ 2 

2 



1(0 * H(*)r < C K(x- y)\g(y)\dv(y) 
(4) W 

< C (J K(x-y)^ dv(y)j(j K(x - zf-^\g(z)\ 2 dv(z) 

By (iii)(a) and (wi)(6) in Section [231 - y)( d - e )/(™~ s ) < C|x - for |x| < <5 and 

K(x - y )( d ^)/( n - s ) < Ce-T( d - e )( n -*)~ 1 l a, -»l for |x| > 1/5 (notice that 7(d - e)/(n - s) > 
since re > s by (Hi) in Section [2.2|) . Hence, using that a is a cf-dimensional measure in 1" 
and integration in dyadic annuli, we easily deduce that 



(5) sup / K(x — y) n ~ s dv(y) < oo. 

xeR™ J 

Similarly, by (Hi) {a) and (iii)(b) in Section [231 K(x - j/) 2 -(<*-«0/(*-«) < C|x - y|- 2ri+2s+rf - e 
for |x| < 5 (recall that 2n-2s-d+e < n) and i^-y) 2 "^"^™"^ < c e -7(2-(d-e)/(n-s))|x- y | 
for |x| > 1/(5 (notice that 7(2 — (d — e)/(n — s)) > 0). Since /i is n-dimensional, we have 



d-e 



(6) sup / K(x — z) 2 «- s dfx(x) < 00. 

zeR n J 

Therefore, combining (HJ), ©, Fubini's theorem, and we conclude that 



d-e 



\\4> * gv\\n = J 1(0* gv)(x)\ dfi(x) < C J J K(x - z) n —\g{z)\ du(z)dfi(x) 

<C f \g(z)\ 2 dv(z) = C\\g\\l 
and the lemma is proved. □ 
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Remark 2.2. The assumption (iii)(b) in Section \2. 21 can be easily relaxed for the purposes of 
Lemma 12. 11 but we will not go further in this direction. 

Corollary 2.3. Let a be a d- dimensional measure in R n with < d < n, and assume 
2s > n — d. For G\x + go £ X , set 

<&(G + g) = <p * Gfx + cf) * go. 

Then + g)% < C(\\G\\^ + \\g\\ a ) for all Gfi + go £ X. 

Proof. Apply Lemma |2. II to v = a and to v = \i separately. □ 

Lemma 2.4. Let o be a d-dimensional measure inW 1 with < d < n, and assume 2s > n—d. 
For every G[i + go £ X , L(<3?(G + g)) = Gfi + go in the sense of distributions. 

Proof. Recall that L(<p * f) = (j) * (Lf) for all / £ T>. The lemma follows easily by the fact 
that L is symmetric and that <f> satisfies (ii) in Section [2.21 □ 

Corollary 2.5. Let o be a d-dimensional measure in R n with < d < n, and assume 
2s > n — d. Given Gfi + go € X and (p = &(G + g), set 

V(ip) = —go and Ly{ip) = L((p) + V{ip). 

Then V is well defined. Moreover, Ly{ip) = Gfi in the sense of distributions. For simplicity 
of notation, we write Ly(ip) = G € L 2 (fi) b . 

Proof. Assume that (p = $(G + g) = &(F + /) for some Gfi + go, F\jl + fo € X . By Lemma 
E3 G/j, + go = L($(G + g)) = L($(F + /)) = F/J. + fo in the sense of distributions. 
Since d < n, \i and o are mutually singular, and we easily deduce that G = F in L 2 {ji) b 
and g = f in L 2 (o) b . Hence V(ip) = —go = —fo, so V is well defined. Furthermore, 
Ly (ip) = G\i + go — go = Gfi distributionally, which finishes the proof. □ 

The next proposition states some known results on the trace of functions of Sobolev spaces. 
Let W r ' 2 (fi) b be the Sobolev space of C b - valued functions such that all its components have 
all its derivatives up to order r > in L 2 (fi). 

Proposition 2.6. Let S C K n be closed, letO < d < n and o be the d-dimensional Hausdorff 
measure restricted to E, and assume that o is d-AD regular. For G £ T> consider the trace 
operator ts(G) = Gxs- If r > is such that 2r > n — d, then ts extends to a bounded linear 
operator t a : W r ' 2 (fi) b — > L 2 (o) b in the following cases: 
(i) if d > n — 1, 

(ii) if J] preserves Markov's inequality (see |22| for the precise definition), 
(Hi) if d £ N and £ is a d-dimensional compact C°° manifold in M. n , 
(iv) if S is either the boundary of a bounded Lipschitz domain in M. n (i.e. d = n — 1 ) or 
the graph of a Lipschitz function from M n_1 to R. 

Proof. The cases (£) and (ii) are a direct consequence of )22[ Propositions 2 and 4]. The case 
(iv) follows by [16], and (ra) can be obtained by the arguments in \12\ Corollary 6.26]. □ 

Remark 2.7. It is known that the trace operator ts extends to a bounded linear operator 
from W r ' 2 (fi) b to L 2 (o) b in other cases besides the ones in Proposition 12.61 However, the 
already mentioned ones are enough for our purposes (in particular (iv)). Let us also mention 
that the trace operator fails to be bounded for 2r = n — d even for ci-planes in R n , so the 
condition 2r > n — d is sharp in this sense. 

Lemma 2.8. We have \\<5>(G)\\ W s,2 {fl)b < C\\G\\^ for all G £ L 2 (fi) b . 
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Proof. It follows by (ra)(c) in Section [2.21 and a direct application of Plancherel's theorem. 

□ 

Corollary 2.9. Let S and a be as in any of the cases in Proposition \2.6\ with 2s > n — d. 
For G G L 2 (fi) b , set 

* ff (G)=t ff (*(G))=t <T (0*G^). 
Then, <J> CT is we// defined and \\<f> a (G)\\ a < G|[G|j^ for all G G L 2 (y) b . 

Proof. Use Lemma 12.81 and Proposition 12.61 with r = s. □ 

Lemma 2.10. Let £ and o~ 6e as in any o/ f/ie cases in Proposition \2.6\ with 2s > n — d. 
Then, for every F/j,,G/j,, ga G X, we have 

(<&(G), = (G, $(F)) M and (<%), F) M = < 5 , $ CT (F)) CT . 

Proof. By (n) in Section [2.21 Lemma 12.11 and Fubini's theorem we have J ((f)* G/i)Fd/z = 
f G(cp * Fy) dfi for all F, G G L 2 (^) 6 , which means ($(G),F) M = (G,$(F)) M . 
Let us now prove that (<I>(g),F) M = (g,$ a (F)) a . Given e > 0, set 

fl e = {x G R n : \x\ < 1/e, dist(x,£) > e} 

and F e = Fxn, G L 1 {fi) b n L 2 (^) 6 . Then ^ a {F t y){y) = 0(y - x)F(x) dfi(x) for all y G S 
(the integral converges absolutelly) . By (ii) in Section [2.21 and Fubini's theorem, 



(7) 



F) M = / <t>(x- y)g{y) ■ F(x) da(y) d^x) 



9{y) ■ 4>(y - x)F(x) dfi(x) da(y) = (g, $ a (F e )) a . 



Corollary E3 yields \{<$>(g),F - F e }^\ < C||g|[ CT ||F - F e || M , and by Corollary ES we have 
\(g, & a (F e — F)) a \ < C\\g\\ a \\F — F e \\p. Therefore, using the triangle inequality and 0, 

F) ^ - (g, ^(F)U < \(Hg),F- F e )„\ + \(g, $ a (F e - F)) a \ < C\\g\\ a \\F - F e || M . 

The lemma follows by taking e \ and dominate convergence. □ 

2.4. Main result. For the rest of this section, we assume that S and a are as in any of 
the cases in Proposition 12.61 with 2s > n — d. Given an operator between vector spaces 
S : X Y, denote kr(5) = {x G X : S(x) = 0} and rn(,S) = {S(x) G Y : x e X}. 

Theorem 2.11. iet A : L 2 (a) b — > L 2 (a) b be a bounded linear self-adjoint operator. 

(i) For 73(F) = {$(G + g) : G/i + ga G A($ ff (G)) = g)} C L 2 (^) b and T = L v on 

D(T), T : D(T) — > L 2 (fi) b is a self-adjoint operator, 
(ii) J/m(A) is closed, for D(T) = {$(G + g) : GpL + ga G Af, $ CT (G) = A(s)} C L 2 (^) b 
and T = Ly on D(T), T : D(T) — > L 2 (fi) b is an essentially self-adjoint operator, i.e, 
T is self-adjoint. Moreover, D(T) = D(T) + D' , where D' is the closure in L 2 (fj,) b 
of : h G kr(A)}, and T(D') = 0. 

(in) For A and T as in (ii), if {&(h) : h G kr(A)} is closed, then T is self-adjoint. This 
occurs, for example, i/kr(A) = {0}. 

Remark 2.12. Given G G L 2 (fi) b , we have 3>(G) G V^ s ' 2 (/i) fe by Lemma [2T8l On the other 
hand, given u G W s ' 2 (/j,) b , if we set G = L(u) G L 2 (fj,) b (recall that L is of order s), we have 
that ^(G) = (j) * L(u) = u. Therefore, for F as in Theorem I2.11( i). we obtain 

D(T) = {u + <%) : u G W s > 2 (n) b , g G L 2 (a) fc , A(t») = g}, 
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and moreover T(u + 9(g)) = L(u) for all u + 9(g) G D(T). The respective conclusions hold 
for T as in Theorem 12. llU i) and (Hi). 

Proof of Theorem 12.111 We are going to prove (ii) first, which will follow from the following 
statements: 

(a) D(T) is a dense subspace of L 2 (/i) b , 

(b) T is a symmetric operator on D(T), 

(c) T* C T. 

Proof of (a). That -D(T) is a subspace of L 2 (fi) b is obvious, so we have to check that it is 
dense. We know that C^°(R n \ S) 6 C V is dense in L 2 (n) b , because a is d-dimensional and 
d <n. Given F G C™ (R n \ set G = G C c °°(M n \ Since is the fundamental 

solution of L, we have $(G) = <f> * G/z = F and $o-(G) = t CT (F) = 0. Therefore F = 9(G) G 
D(T), which easily yields (a). 

Proof o/ (6). Let 99, ^ G £>(T). Then tp = 9(G + p) and ^ = $(F + /) for some G\i + ga, 
Ffi + faeX with $ CT (G) = A(g) and = A(/). By Corollary [231 T(y>) = L v ((p) = G 

and T(^) = Ly(ip) = F. Hence, using Lemma 12.101 and that A is self-adjoint in L 2 (a) b , 

(Tfa), ^ - (<p, T(^)) M = (G, $(F + /)>„ - ($(G + g),F)^ 

= (G, <J?(F)) M - {9(G), F)^ + (G, *(/))„ - (<%), i% 

= (<MG),/) CT - = (A( 5 ),/) CT - <</,A(/))„ = 0, 

which proves (6). 

Proof of (c). Given an operator S : D(S) C L 2 (fi) b — > L 2 (fi) b , denote by r(5) the graph 
of #S* i g 

r(5) = {(p, : p G D(S)} C P 2 (/i) 6 x L 2 (/^. 

From (a) and (6) we have that T is a densely defined symmetric operator. Thus T is 
closable by p21 page 255], and T is well defined. Moreo ver, F (T) = Y(T) by [H page 250]. 
Hence, to prove (c) we only have to verify that T(T*) C T(T). 

Let 0,F) G r(T*), that is, let ip,F G L 2 (/u) 6 such that 

(8) (T((p),i/>) lt = (( P ,F) lt for all 99 G D(T). 

Since A is bounded, self-adjoint, and rn(A) is closed, then L 2 (o~) b = kr(A) © rn(A), so 
$ CT (F) = h+ A(f) for some /i, / G P 2 (<x) b with A(/i) = 0. Notice that 9(h) G P>(T) and 
T(9(h)) = 0, so using ([S]) with ip = 9(h) gives 

= F>„ = (fc, $ (7 (-P 1 ))( 7 = <fc, + A(f)) a = \\h\\l, 

which actually means that 9 a (F) = A(f). Now, for any G/u + ga G X such that <3?(G + 5) G 
£>(T), © yields 

(G,^ = (r($(G + 5 )), W = ($(G + 5 ),F) M = (G,9(F)) fl + (g,9 a (F)) a 

(9) = (G, $(F)>„ + ( 5 , A(f)) a = (G, 9(F)) ll + (A(o), /) ff 
= (G, + (9 a (G), f) a = (G, 9(F + f%, 

which implies that 

(10) (G, V - 9(F + / )),, = for all G G P 2 (/i) b such that 9 a (G) G rn(A). 

Since A is self-adjoint and rn(A) is closed, 9 a (G) G rn(A) if and only if = {9 a (G),h) (T = 
(G,$(h))p for all h G kr(A). From (JEJ, we deduce that (G,V - 9(F + /))„ = for all 
G G L 2 (/i) b such that (G, = for all h G kr(A), that is, 

ip — 9(F + /) G {$(/») : ft G k^A)}^ = D', 
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where D' is the closure in L 2 (fi) b of {9(h) : h 6 kr(A)}. Hence, there exists {hj}jgn C kr(A) 
such that 

(11) -if; = lim 9(F + / + hj) mL 2 ( f i) b . 

Set Vj = + / + then = A(/) = Mf + hj) and T(^) = F, so (tpj,F) G T(T). 

Moreover, (V>,F) = lim j _ >00 (V'j, -F) in L 2 (^) 6 x L 2 (fi) b , which implies that G T(T). 

Therefore, T(T*) C r(T), and (c) is proved. 

From (a) and (6), T C_T*. Taking adjoints, T* D T**, but T** = T bv jIB| page 253], 
so by (c) we have T* cTcT*, i.e., T = T*. Therefore, (T)* = T** = T and T is self- 
adjoint, which proves the first statement in (if). For proving the second one, recall that 
T = T*, so r(T) = r(T*). In (JTIJ) we have seen that any G T(T*) can be written 

as + /) + lim J -_ KXJ $(/ij),-F) with G kr(A) and 9 a (F) = A(/), so D(T) = L>(T*) C 

+ £>'. On the contrary, given ip = &(F + /) + lim.,-^ 9(hj) G D(T) + D', we have 
+ / + hj),F) G r(T) for all j G N, so (if>,F) G r(T) = T(T), which implies that 
D(T) = D(T) + D 1 and T(D') = {0}. This finishes the proof of (ii). 

For (iit), notice that {9(h) : ft G kr(A)} C D(T), so if {$(/») : /i G kr(A)} = D', then 
D' C D(T) (in particular, £>'={°} for kr(A) = {0}), which means that T = T. 

Finally, concerning (i), we can proceed as in the proof of (ii). The proof of (a) and (6) 
are analogous, but instead of (c), we prove that T* C T, and then by (b) we conclude that 
T = T*. Let (^,F) G T(T*), that is, let if>,F G L 2 (//) 6 such that (T^),^ = (ip,F)^ for 
all = $(G + 5) G -D(T). Then, arguing as in ©, 

(G, */>)„ = (9(G + g^F), = (G, 9(F)) „ + (g, 9 a (F)) a 
( '" , = (G,9(F)) IJ , + (A($ ff (G)),$ CT (F)) CT = (G,d>(F + A($ CT (F)))V. 

Notice that, for any G G L 2 (fj,) b , we have $(G + A(9 a (G))) G D(T), so (PJ holds for all 
G G L 2 (fj,) b . This implies that ^ = $(F + A(9 a (F))) G D(T) and T*(V0 = F = T(ip), so 
T* CT. □ 

Remark 2.13. Combining the techniques used in the proof of Theorem 12.111 one can show 
that, if A : L 2 (a) b — > L 2 (a) b is a bounded self-adjoint operator and rn(A) is closed, then for 

D(T) = {9(G + A(g)) : G M + go G X, 9 a (G) - A 2 ( 5 ) G kr(A)} C L 2 (/i) 6 

and T = Ly on D(T), T : D(T) — > L 2 (ji) b is a self-adjoint operator. Just notice that, if 
A is self-adjoint and rn(A) is closed, any $v(G) decomposes as A(/) + h with h G kr(A), 
and by using the same decomposition on /, we actually have 9 a (G) = A 2 (g) + h. Other 
possible domains D(T) could also be considered. However, the cases stated in Theorem 12. Ill 
are enough for our purposes in the next section. 



3. On the Dirac operator coupled with measure-valued potentials 

This section is devoted to find self-adjoint extenisons of the Dirac operator coupled with 
measure-valued potentials, where such measures are singular with respect to the Lebesgue 
measure. Our main tool to obtain such self-adjoint extensions is Theorem 12. Hi Throughout 
this section, we take n = 3, b = 4, s = 1, we denote by fj, the Lebesgue measure in M 3 , and 
we assume that E and a are as in any of the cases in Proposition 12.61 with 1 < d < 3 (that 
is < d < n and 2s > n — d). 
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Given m > 0, the free Dirac operator H : V — > T> is defined by H = —ia ■ V + m/3, where 
a = (ai,a 2 ,a 3 ), 

° '* ^ fori = l,2,3, /3=f ' 2 ° r V and 



o J ' ' ' V o -j 2 

( 13 ) / x / x / 

x 1 \ / -i \ f 1 



fTl 1 i o y ' ff2= l a ]' ^"l I) 1 

is the family of Pauli matrices. 

We have H : V — v V and, by duality, H : V* — > V* . It is very well known that H 
restricted to W 1,2 (ix) A is a self-adjoint operator (see [2T]). We are going to find domains E 
with C£°(R 3 \ S) 4 C E C L 2 {^y and potentials V : E ->• £>* such that, for every if G E, 
V(ip) is supported in S, .f/y = H+V restricted to E 1 is a self-adjoint operator with respect to 
L 2 (/x) 4 , and H v = H on C~(R 3 \£) 4 . Moreover, when cr is the 2-dimensional surface measure 
of the boundary of a bounded Lipschitz domain S, we interpret some of such potentials V 
in terms of the boundary values of the functions in E when we approach to E from R n \ S. 

Lemma 3.1. The fundamental solution of the symmetric differential operator H is given by 
e —m\x\ / x 



m/3 + (1 + m\x\) ia • for x € R \ {0} 



47r|x| \^ 1 " |x| 2 

Furthermore, <f> satisfies (i), (ii), and (Hi) of Section \2.2\ for m > 0. 

Proof. The relation between the Dirac operator H and the Helmholtz operator — A + m 2 is 
H 2 = (— A + to 2 ) Z4 . It is well known that the fundamental solution of — A + to 2 in R 3 is 
ipm{ x ) = e - " 1 ' 1 ^^^!) -1 (see [2 Section 3] for example). Therefore, by setting 

4>(x) = H(ip m (x)h) = - . . I m/3 + (1 + m\x\) ia ■ r— ^ 

4tt\x\ \ \x\ z 

we deduce that <f> is the fundamental solution of H, i.e., H<f> = SqI^ in the sense of distri- 
butions, where <5o denotes the Dirac delta measure in R 3 centered at the origin. Condition 
(i) of Section [2.21 is trivially satisfied. For the case of (ii), since oq = aj for j = 1,2,3, and 
f3 l = (3, we have 

e -m\y-x\ / y _ x \ 

0*(y — x) = - — j m/3* + (1 + m\y — x\)(—i)a t ■ = <p(x — y). 

47r|y — x\ \ \y — x\ z J 

Conditions (iii)(a) and (iii)(b) are easily verified taking s = 1 and 7 = to. Finally, for 
(m)(c) of Section [221 we know that Hcf> = Soh in the sense of distributions. Using the 
Fourier transform T in R 3 , 

h = HW = HH<t>) = (2vra • £ + m (3) T (</))(£), 

hence 

T((/))(0 = (2vra • £ + to/3)" 1 = (4vr 2 |£| 2 + TO 2 )- 1 (2vra • £ + to/3), 
which trivially satisfies (iii)(c) of Section f2. 21 □ 

Corollary 3.2. Let S and cr 6e as in any of the cases in Proposition \2.6\ with 1 < d < 3. 
^4m/ A as is Theorem \2.11\ (with L = H) provides a self-adjoint extension of the free Dirac 
operator H restricted to C£°(R 3 \ S) 4 . 

Proof. Lemma [3 . 1 1 shows that Theorem 12.111 and Remark 1 2 . 1 2 1 can be applied to L = H. □ 



12 



N. ARRIZABALAGA, A. MAS, L. VEGA 



3.1. The case of Lipschitz surfaces. For this section, let E be the boundary of a bounded 
Lipschitz domain Cl + C M 3 , let a be the surface measure of E, let N denote the outward unit 
normal vector field on £ with respect to $7+, and set Q- = M 3 \ so £ = (9S1 + = dQ-. 
We keep the notation introduced in Section [21 but with L = H and (ft given by Lemma 13.11 
The following lemma is somehow contained in [21 Theorem 4.4], but we state and prove 
it here for the sake of completeness. We are grateful to Luis Escauriaza for showing us a 
simple argument to prove Lemma \3.3( ii). 

Lemma 3.3. Given g G L 2 {a) A and x G £, set 

Ca(g)(x) = lim / (f)(x - z)g(z) da{z) and C±(g)(x) = lim <&(g)(y), 

t\0J\x-z\>e flxq,A 



where Q± 3 y x means that y G il± tends to x G £ non-tang entially. Then C a (g)(x) 
and C±(g)(x) exist for a-a.e. x G £, and C CT ,C± : L 2 (cr) 4 — > L 2 (a) 4 are linear bounded 
operators. Moreover, the following holds: 

(i) C± = =f| (a ■ N) + C a (Plemelj-Sokhotski jump formulae), 
(ii) -4(C CT (a • AO) 2 = h- 

Proof. The first statements of the lemma and (i) are a consequence of the following well 
known fact (see p3j, or [8J page 1071] for example). Given / G L 2 (a), then for cr-a.e. 
x = (xi,X2, 23) G E and for all j = 1, 2, 3, 

(14) hm ( Vj ~ Zj .. f(z) da{z) = T ^ Nj(x) + lim / /(*) 

1 ' n ± 3y^xJ ^\y~^\ 3 2 JW eWl^l^TTlzr-zl 3 ^ 

and the integrals in (|14p define linear operators which are bounded in L 2 (o~). 
We write 

e -m|a:| / x \ g-m|*| — 1 / x \ i / X 

(is) * (x) = w m v /3+M 'Rj + ^^'r' N^J + ^r'^F 

= wi(ar) + u)2(x) + w 3 (:r). 

For j = 1,2 and any 1 < k,l < 4, we have | (a;^ (x) | = 0(|x| _1 ) for \x\ — > 0. Using that 
a is 2-dimensional and rather standard arguments (essentially, using that E is bounded, the 
generalized Young's inequality, and the dominate convergence theorem), it is not hard to 
show that, for j = 1,2, 



(16) lim / Uj{y - z)g(z) da(z) = lim / uij(x - z)g(z) da(z) 

for all g G L 2 (ct) 4 and u-a.e. x G E, and the integrals in (|16p define linear operators which 
are bounded in L 2 (a) . For the case of 0J3, using (fT4"]) we obtain 

3 . _ ^ 

= lim nt l J2 I aIL-1\z a i9{z)do-{z) 
Q±3y — >x j=i 





(17) =Z g ( T ^^ ) ^ (x) + ! 1 N m o/_ |>e 4vr|x 

= T~ (« • N(x))g(x) + lim / w 3 (x - z)fl>(» dcr(» 

2 e \°./|ir-z|>£ 



Then (*) follows bv flgl, (fTBjh and (|I7|). 
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In order to prove (ii), recall the following reproducing formula (see [2j Section 3], for 
example): if ft is a bounded Lipschitz domain in M 3 and / G C°°(f2) 4 satisfies H(f) = in 
O and has non-tangential boundary values in L 2 (ctq) 4 , then 

(18) f{x)= [ ^(x-z)(ia-N n (z))f(z)da n (z) 

Jan 

for all x G fi, where Nq and an are the outward unit normal vector field and surface measure 
of dO, respectively. This reproducing formula can be proved using integration by parts on 

[ H(f)(z)-4>(z-x)e j d^(z) forj = 1,2,3,4, 

Jn\B(x,e) 

and taking e \ 0, where e± = (1, 0, 0, 0), . . . , e 4 = (0, 0, 0, 1), and B(x, e) is the ball centered 
at x and with radius e > 0. 

Let g G L 2 {<j) a . Since H(®((ia ■ N)g)) = in using (USD we have that, for all x G fi + , 

(19) $((*a • iV)c/)(x) = $((ia • iV)C+((ia • JV) 5 )) (x). 
By approaching to S non-tangentially, we deduce from (z) and (|19f> that 

~g + C CT ((w • iV) fl ) = C+((ia • iV) 5 ) = C + ((ia ■ N)C+((ia ■ N)g)) 

= \ (I 9 + ° a{{ia ' N)9) ) + Ca ( {ia ' N) il 9 + Ca{{ia ' N)9) ) ) 
= - A g + C a ((ia ■ N)g) - (C a (a ■ N)) 2 (g), 

which proves (ii). Let us mention that, if one argues with 0_ and C_ instead of 0+ and 
C+, one obtains the same result. The lemma is finally proved. □ 

Remark 3.4. Let <p = &(G + g) for some Gfi + go G X, and set ip± = 3> CT (G) + C±(g). Since 
V(<p) = —go by definition (see Corollary 12. 5p . Lemma I331 fi) yields 

V{ip) = -i(a ■ N)(tp+ - <p-)a. 

This is consistent with the fact that, if ip is a function which is smooth in S c and has a 
jump at S, then H((p) = x^ c H(ip)fJ, — i(a ■ N)(y>- — ip+)a distributionally (this is an easy 
exercise left for the reader), so that for having (H + V)(ip) G L 2 (fj,) 4 one needs to take 
V(<p) =i(a-N)(<p- -<p+)a. 

Lemma 3.5. If S is C 2 , the anticommutator {a ■ N,C a } = (a ■ N)C a + C a (a ■ N) is a 
compact operator on L 2 (a) 4 . 

Proof. Given ieS and i/£t 3 , a simple computation shows that 

(20) (a • N(x))(a ■ y) = -(a • y)(a ■ N(x)) + 2(N(x) ■ y)h. 
Since the ay's anticommute with j3, (|20p yields 

(a • N(x))<f>(y) = -<t>{y){a ■ N(x)) + i^ir)- 1 e^ \y\~\l + m\y\)(N(x) ■ y)I 4 . 
Therefore, for g G L 2 (a) 4 , {a ■ N,C a }(g)(x) = ]im e \ f\ x _ z \ >e K(x, z)g(z) da(z), where 

• —m\x—z\ 

(21) K(x, z) = <f>(x - z)(a ■ (N(z) - N(x)) + — ; (1 + mix - z\)(N(x) ■ (x - z))I A . 

2tt\x — z\ A 

Since £ is C 2 , it is not hard to show that sup 1<J)fc< 4 \Kj^(x, z)\ = 0(\x — z\~ l ) when \x — z\ 
tends to zero, because \N(x) — N(z)\ = 0(\x — z\) and \N(x) ■ (x — z)\ = 0(\x — z\ 2 ) for 
x, z G £ with \x — z\ small enough (see [12\ Lemma 3.15], for example). Using this estimate, 
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(A-(f),h) a = (f,A-(h)) a = lim (A+( 5i ),A-(/i)) CT = lim ( 9j , A+A_(/i)>* = 0, 



one can easily adapt the proof of [121 Proposition 3.11] to show that {a ■ N, C a } is a compact 
operator. □ 

Remark 3.6. The C 2 condition on S is not sharp, but it is enough for our purposes. One 
can require less regularity on £ and still obtain compactness of the anticommutator. For 
example, if £ is C , the methods developed in |11] would work. 

Lemma 3.7. Given A G R\{0} ; se£ A± = l/X±C a . Then, A± : L 2 (o) 4 ->• L 2 (ct) 4 ore Zinear 
bounded self-adjoint operators. Moreover, i/£ is C 2 and A € R \ {—2,0,2} £/ien rn(A±) are 
c/osed. 

Proof. That A± are bounded and self-adjoint follow essentially by Lemma 13.31 and (ii) in 
Section [2.2| we omit the details. It remains to check that rn(A + ) is closed when £ is a C 2 
surface and A G R \ {—2, 0, 2}, the proof for rn(A_) is analogous. 

Recall that (C a (a • N)) 2 = -1/4 by Lemma EEBTm). and (a • iV) 2 = I 4 , so 

(22) A+A_ = A_A+ = 1/A 2 - C 2 = 1/A 2 - 1/4 - C a (a ■ N){a -N,C a } = a- K, 

where a = 1/A 2 - 1/4 and K = C a (a ■ N){a ■ N,C a }. Since C a (a ■ N) is bounded, K is 
a compact operator by Lemma 13.51 thus rn(a — K) is closed for all a G R \ {0} (i.e, for 
all A G R \ {—2,0,2}) by Fredholm's theorem (see, [121 Theorem 0.38(c)], for example). 
Furthermore, (|22[) shows that iT is self-adjoint, since A± are self-adjoint and commute. 

Given / G rn(A + ), there exist gj G L 2 (<r) 4 with j G N such that / = limj-s.oo A + (<7j). 
Then, for any /i G kr(A + A_), 

(A_(/),/ l ) (T = (/ J A_ 

thus A_(/) G k^A+A-)- 1 -. Using (|22p and that a — K has closed range for all a / 0, we 
have k^A+A.) 1 - = rn(A_A + ) = rn(a — K), so there exists g G L 2 (cr) 4 such that A_(/) = 
(a - iiT)p = A^A + (g), which yields / - A + (g) G kr(A_). Notice that A + + A_ = 2/A, hence 
2A _1 (/ - A + (g)) = A + (f - A + (g)), which implies that 

f = A + L + ±(f-A + (g))\ Grn(A + ). 

Therefore, rn(A + ) is closed and the lemma is proved. □ 
Theorem 3.8. Assume that £ is C 2 . Given A G R, let T be the operator defined by 

D(T) = {u + <%) : u G W 1 ' 2 ^) 4 , g G LV) 4 , Xt a (u) = -(1 + AC^G?)} 
and T = iJ + V\ on D(T), where 

V\(<P) = ^(^+ + <P-)a 

and (p± = t a (u) + C±{g) for <p = u + $(g) G D(T). If A ^ ±2, then T : D(T) C L 2 (/x) 4 -> 
L 2 (/x) 4 is self-adjoint. 

There exists a finite or countable sequence {A,}, g j C (0, oo) depending only on a and 
m > 0, and whose unique possible accumulation point is 2, such that the following holds: 
(i) If |A| ^ Xj for all j G J and ip G D(T) is such that T(ip) = 0, then <p = 0. 
(ii) If |A| = Aj for some j G J, there exist a non-trivial <p = &(g) with g G L 2 (<r) 4 such 
that either 

(H + V x )(tp)=0 or (H + V^ x )(<p) = 0. 
In particular, if a = sjta then there exists a non-trivial <p G D(T) such that T(ip) = 0, 
where s(x) = —x for x G R 3 and s#cr is the image measure of a with respect to s. 



SHELL INTERACTIONS FOR DIRAC OPERATORS 



15 



Proof. We are going to prove first that T is self-adjoint for all A 7^ ±2. If A = then 
D(T) = W l,2 (pL) A and V\ = 0, so we recover the classical self-adjointness of the free Dirac 
operator H, for example by applying Theorem I2.11N ) and Remark 12.121 with L = H and 
A = 0. Hence, T is self-adjoint for A = 0. 

Assume that A 7^ 0, and set A = — (1/A + C a ). Then, using Remark 12.121 we have 

(23) D(T) = {<S>(G + g) : + go € X, $ a (G) = A(g)} C L 2 ^) 4 . 

Let if = $(G + g) G D(T), then <p± = T | (a ■ iV)fl + C<x(s) by LemmalCTi). so 

(24) V x (f) = \{®o{G) + C a (g))a = X(A(g) + C a (g))a = -ga, 

thus V\ restricted to D(T) coincides with the potential V introduced in Corollary 12. 5| and 
T : D(T) -> L 2 (,u) 4 . Moreover, if A 7^ ±2 then A is a linear bounded self-adjoint operator 
with rn(A) closed, by Lemma [3771 Arguing as in ([22]) . if we set A + = —A and A_ = 1/A — C a , 
we have 

A + A_ = A_A + = a- K 

with a = 1/A 2 — 1/4 and K = C a (a ■ N){a ■ N,C a }. We already know from the proof of 
Lemma 13.71 that K is bounded, compact, and self-adjoint, thus the eigenvalues of K form 
a finite or countable bounded sequence {aj}j^ji C M. whose unique possible accumulation 
point is 0, by Fredholm's Theorem (see [12\ Theorem 0.38(a)], for example). Furthermore, 
[12\ Theorem 0.38(a)] also gives that kr(a — K) has finite dimension for all a / 0, that is for 
all A 7^ ±2. Since —a + K = A_A, then kr(A) must be finite dimensional, and this easily 
implies that {Q(h) : h € kr(A)} is closed in L 2 (//) . Therefore, Theorem I2.11f m) shows 
that T is self-adjoint for all A 7^ —2, 0, 2. 

In order to prove the second part of the theorem, take A,- = 2(1 + 4aj)~ 1 / 2 whenever 
a,- > —1/4, and notice that {A,},gj can only accumulate at 2. Concernig (i), assume that 
if = u + <&(#) € D(T) is such that T(f) = (notice that g = if A = 0, by the definition 
of D(T) in the statement of the theorem). By Remark 12.121 we may assume that u = &(G) 
for some G € L 2 (p) 4 , and ([23]) yields 

= T(f) = (H + V)($(G + g)) = G, 

so actually <f = &(g) (and we are done if A = 0). From the choice of A,-, we already know 
that if |A| 7^ Xj for all j G J then a {a,j}j e j, and hence kr(A) C kr(— a + K) = {0}. Since 
if G D(T), by (f23|) we must have = & a (G) = A (5), and since A is injective, we conclude 
that 5 = 0. This proves of (i). 

Let us now prove the first part of (ii). If |A| = Xj for some j £ J (in particular, A / 0) 
then a S {aj}j & j, so a is an eigenvalue of K and we can pick / / G L 2 (o") 4 such that 

(25) (A+A-X/) = (A-A+X/) = (~a + K)(J) = 0. 

Recall that A+ + A_ = 2/A, which means that either A+(/) 7^ or A_(/) 7^ 0. If A_(/) 7^ 0, 
by setting g = A_(/), (J2SJ) gives A(g) = -A + (g) = 0. Using ([23]), we have $(5) G D(T) and, 
moreover, T(<3?(g)) = (H + V)(3>(<?)) = 0, so we are done. Assuming now that A+(/) 7^ 0, 
set 5 = A+(/) and f = $(g). Then = (A_A+)(/) = A_( 5 ) = (1/A - C ff )(<?) by & so 

Vfa) = -50- = -AC CT (5()cr = -^(^+ + = V-\(f>), 

and therefore (H + V / _a)( ( /') = 0. 

Finally, we are going to prove the last statement of (ii), so we assume that a = sjta. 
As we have already seen, if A_(/) 7^ then we can find a non-trivial if E D(T) such that 
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T(ip) = 0. So assume now that A_(/) = and set g = — tA+(/) o s, where 

I 2 
h 

Notice that g ^ because A + (/) ^ and, since a = s#a, we have g G L 2 (a) 4 . It is 
straightforward to check that —<p(z)r = T<p(—z) for all z G M 3 \ {0}. Therefore, 



C a (g)(x) = lim / -<j)(x - y)TA + (f)(-y) da{y) 

e \°J\x~y\>e 

(26) = Tl ^k H-x + y)^+(f)(-y) ds # a( y ) 



(27) 



= r lim / <p(-x - y)A+(f)(y) da{y) = rC a (A + (f))(-x). 

J\x+y\>€ 

Recall from ($5§ that (A_A+)(/) = 0, so 

rC CT (A + (/)) = -r(A- x - C ff )(A+(/)) + A- 1 rA+(/) 

= -r(A_A+)(/) + A- x rA + (/) = A-VA + (/). 

By ([26]) and ([27]), we have C a (g) = -A _1 g, which means that A(g) = -(1/A + C CT )(5) = 0. 
Hence $(5) G D(T), and T($(^)) = by ([Ml)- The theorem is finally proved. □ 

Remark 3.9. Despite the domain D(T) appearing in Theorem l3.8l a priori depends onra>0 
(since it is defined in terms of 4>) , a straightforward application of the Kato-Rellich theorem to 
the self-adjoint operator H + V\ given by Theorem 13.81 and the symmetric bounded operator 
mo/3 (for any given tuq > 0) shows that actually D(T) is independent of m (see [18], Theorem 
X.12], for example). This could also be verified directly on the domain by working with the 
operator C a . 

The next proposition contains some particularities concerning Theorem 13.81 in the case 
that S is a plane or a sphere. 



Proposition 3.10. Let T be as in Theorem\ 

(i) Assume that £ = M 2 x {0} C M 3 . Then the following hold: 

(a) If A 7^ ±2 then T is self-adjoint and, if(f£ D(T) satisfies T(<p) = 0, then 99 = 0. 

(b) If A = ±2 then T is essentially self-adjoint. Moreover, D(T) = D(T) + &(X) 
and T($(X)) = 0, where X is the completion o/ker(l/A + C a ) with respect to 
the norm 

IH| 2 = (l<S1 Mo-; where S = a^{a\d xi + «2<9 X2 + imfi). 

In particular D(T) C D{T). In addition, for A = ±2 t/iere exists a non-trivial 
V? G D(T) suc/i that T{ip) = 0. 
(ii) Assume that S = {x G IR 3 : |x[ = 1} C M 3 . Then there exists some Xj ^ 2, where 
is the sequence given by Theorem \3.8[ In particular, {a ■ N,C a } is not 
identically zero. 

Proof. We keep the notation used in the proof Theorem 13.81 Concerning (i)(a), we can not 
apply Theorem 13 . 81 directly because S is unbounded (and hence K might lose its compacity). 
However, recall that K = C a (a ■ N){a ■ N, C a } and that the kernel of {a ■ N, C a } is given 
by (EU). Since E = M 2 x {0}, then N is constant, so N(z) - N(x) = for all x, z G S and, 
similarly, N(x) ■ (x — z) = 0. This implies by (|2ip that the kernel defining {a ■ N,C a } is 
identically zero, so K = and A + A_ = 1/4 — 1/A 2 . Therefore, A = — A + is invertible for all 
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A 7^ ±2, so rn(A) is closed and kr(A) = 0. Then, Theorem 12. ll( iii) in combination with f|23|) 
and (|24p shows that T si self-adjoint for all A ^ ±2 (Remark 13.141 justifies the use of (|24p ). 
The second statement of (i)(a) follows essentially as Theorem 13. 8( i). we leave the details for 
the reader. 

In order to prove the first statement of (i)(b), assume for example that A = 2. Then, we 
have A + + A_ = I±, A + A_ = A_A + = and, as a consequence, A^_ = A + and A 2 . = A_. 
Thus A± are self-adjoint projections in L 2 (cr) 4 , and hence they have closed range by [19} 
Theorem 12.14(c)]. Therefore, rn(A) is closed for A = 2 and Theorem \2.11( ii) applies, 
showing that T is essentially self-adjoint. The case A = —2 follows by similar arguments. 

We are going to prove the second statement of (i)(b), so assume that A = 2 (the case A = — 2 
is similar). We take N(x) = (0,0, -1) for all ieE, that is, $7+ = M 2 x (0,oo). Notice that 
S = a 3 {a\d Xl + oiidxi + imfi) only acts on the coordinates x\ and X2- Using the Fourier 
transform on the x\ and X2 variables together with the anticommutation properties of (3 and 
the CKj's, it is easy to show that 5 is a self-adjoint operator on W l,2 {dx\dx2)-, so its eigenvalues 
are real. Let P± be the positive/negative projection operators associated to 5, i.e., given 
a function f{x\,X2) decomposed in terms of the eigenvectors of S, P+(f) corresponds to 
the part of the decomposition of / relative to the eigenfunctions with positive eigenvalue, 
and P-{f) corresponds to the negative ones. In particular, SP+ > and SP- < 0. Define 
the positive operator \S\ = SP + — SP- and let IS"! -1 / 2 be the positive square root of the 
inverse of \S\, which exists because of the invertibility and positivity of \S\ (use the Fourier 
transform). 

For any given function ip, H(ip) = in M 2 \E is equivalent to d X3 ip = —S(tp) for all x 3 7^ 0. 
It is an exercise to show that d X3 <p = —S(ip) if and only if d X3 (|5| _1 / 2 ((/9)) = — 5|5'| _1 / 2 ((^). 
Let cp = $(h) € {$(9) : g € kr(A)}, and set ip = |S , |" 1 / 2 (c^). Then, since H(<p) = 0inM 2 \E, 
by the previous comments we have 

(28) d X3 ip = -S(ip) for all x 3 + 0. 

Moreover, it is not hard to show that ip has non-tangential boundary values at E from O-t- 
and, actually, tp± = \S\~ 1 ^ 2 ip±. By standard arguments, this implies that 

( e~ X3S ip + (xi,x 2 ) for all x 3 > 0, 

) e X3S ip-(xi,X2) for all x 3 < 0, 



(29) i/j(xi,x 2 ,x 3 ) 



and P±(4>=f) = 0. If we multiply (j28[) by 2ip and we take real parts, we obtain d X3 
— 2!R (S(ip) • Tp), and then integrating in Q± and using (|2"9"|) . we deduce 

(30) ± / \ip±\ 2 da = 2 [ r(s(i/>) -?W=±2 ( \S\(iP) ■ ^d». 

Jt, Jn ± v y Jn± 

Recall that h G kr(A), so A(h) = -(1/2 + C a )[h) = 0. Hence <p± = \(±ia z - h)h by 
Lemma IBTBT i). and so 

(31) ip + + ip_ = -h and ip + + = -\S\~ 1/2 (h). 

Notice that, since P±(ipzf) = and P± are complementary projections, ip+ and ip- are 
orthogonal and thus ||^+ +^-|| 2 = HV'+lla + ll^-lla- Therefore, by ([21]) and (|30|). 

(32) (isr^h),^, = W+ + 4-WI = + U-\\l = 2(\s\(ip),ip}^ = 2y\\l, 

since we have set ip = |5|~ 1 / 2 (<^). Therefore, looking at (f32j) . we deduce that the closure in 
L 2 (/x) 4 of {$>(h) : h £ kr(A)}, which we denote by D', corresponds to the image by of the 
completion of ker(A) C L 2 (a) A with respect to the norm given by the left hand side of (|32p . 
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This completion of ker(A) is not contained in L 2 (cr) 4 because, roughly speaking, ker(A) is 
big enough. Indeed, on the Fourier side, it is not hard to show that 



2 v <msi>s^ 2 ^ (47r 2 (Cf + eI) + m2 ) 1/2 
and (27r(eiai + 6a2) + m/3) 2 =4vr 2 (e 2 + el) + 

to 2 , so the only eigenvalues of .F(A)(£i, £2) are 
and —1, and the corresponding spaces of eigenvectors with a fixed eigenvalue have the same 
dimension. As a conclusion, {&(h) : h G kr(A)} C D', and the second statement of (i)(b) 
follows by Theorem I2.11( m). The last statement of (i)(b) follows essentially as Theorem 
3.8( m). we leave the details for the reader. This finishes the proof of (£)(&)• 
In what respects to (ii), assume that £ = {x G M 3 : \x\ = 1} and we define 



fx(r) 



(A(l + m) — 2m) for r < 1, 



mr 



(A(e 2m (m - 1) + 1 + m) - 2m(e 2m - 1)) for r > 1, 



mr 



which is real analytic for r / 1 (even around r = 0). Given x G M 3 we set \x\ = r and, for 
r ^ 1, we take 

¥>a(z) = ^rr (im|x|/ A (r),0,x 3 /^(r), [x x + ix 2 ) f' x {r))\ 

which belongs to L 2 (/i) 4 . A computation shows that, if A satisfies 

(33) m 2 A 2 + 2((2m 2 + 2m + l)e" 2m - l)A - 4m 2 = 

then (H+V\)((f\) = distributionally, where V\(<p\) = ^((ipx)+ + ( ( Px)-) a and (<p\)± denote 
the boundary values of (p\ when we approach non-tangentially to £ from inside/outside the 
ball fi_)_ = {x G M 3 : |z| < 1} (we have chosen N(x) = x/\x\). It is not hard to show that 
there exists some real A 7^ ±2 satisfying (|33p. For this A, if we prove that the corresponding 
(fx belongs to the domain D{T) of Theorem I3.8f z). then 2 7^ |A| = Xj for some j G J, thus 
there must exist some Xj 7^ 2. Furthermore, by the definition of {Xj}j^j (see the proof of 
Theorem I3.8f i)). if there is some Xj 7^ 2 then 7^ 1/Af ~~ = a i * s an eigenvalue of if, 
thus if is not identically zero, but since K = C a (a ■ N){a -N,C a } and C a (a ■ N) is invertible 
by Lemma \3.3( ii). then {a ■ N,C a } must not be identically zero. 

It only remains to check that ip\ G D(T), where D(T) is given by Theorem 13.81 Using 
that (p\ decays exponentially at infinity and that H(ip\) = in S c , one can verify that (|18j) 
can be applied to tp\ either in f2 + or ^- = G M 3 : |x| > 1}. Therefore, using (fl"8|) and 
Lemma IBTBT i). we have (<£>a)± = (1/2 ± iC a (a ■ N))((p x )±, which implies that 

(34) (<p x )± = ±2iC a (a-N)(cp x )±. 

Set g\ = i(a ■ N)((tp\) + — (</j\)_) G L 2 (<r) 4 and ip\ = $(g\). Then, from Lemma l373T z) and 
(f34"|) . we deduce 



(V>a)± = ( T I (a • iV) + C ff ) (i(a • AQ((¥>a)+ - fa*)-)) 



= ±- (v9 A )+ t 2 M- + «Ca(a • N)(ip x ) + - iC a (a ■ N)(<p x )- = M±- 

Hence, tp\ and ip x are two functions with the same boundary values on £ when we approach 
from £l± and they satisfy H{ip\) = H(2px) = so, by a uniqueness theorem in Q±, we have 
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= V'A = ^Ksa) i n L 2 (fi) 4 . Moreover, since (H + Va)(v?a) = distributionally, then 

9x = -~((<Pa)+ + (<P\)-) = -AC CT (5 A ), 

which means that (1 + AC a )(g\) = 0. Therefore, ip\ = &(g\) G D(T), and the proposition is 
finally proved. □ 

Remark 3.11. By using translations, rotations, and dilations, one can show that similar 
results hold for general planes and spheres in R 3 . 

Theorem 3.12. Assume that S is Lipschitz. Let c G C and uj : L 2 (a) 4 — > L 2 (a) 4 be a 
bounded operator such that 

(£) the commutator [to, C a (a ■ N)] = wC ff (« • N) — C a (a ■ N)u vanishes, 
(ii) t = I4 + i(l — 2c)lo + c(l — c)io 2 is invertible in L 2 (a) 4 , 
(in) A = -(a ■ jV)T _1 (a; + £(1/2 - c)uj 2 - C a (a ■ N)oj 2 ) is self-adjoint. 
Set 

D(T) = {u + <%) : u G W^ipf, g G L 2 {a)\ A{t a (u)) = g) 
and T = H + V w on D(T), where 

V u (tp) = (a ■ N)uj(c(p + + (1 - c)tp-)a 
and <p± = t a (u) + C±(g). Then T : D(T) C L 2 (/z) 4 — > L 2 (/x) 4 is self-adjoint. 

Proof. Recall that ip± = t a (u) =F | (a • N)g + C a (g) by Lemma IBTBT i). As before, if we want 
V u to coincide with the potential V introduced in Corollary 12.51 (in order to apply Theorem 
I2.1l( £)). then we must have 

(35) -g = (a-N)u;(t a (u)+i(l/2-c)(a-N)g + C a (g)), 

which yields 

-(ut a )(u) = (a ■ N)g + w (i(l/2 - c)(a ■ N) + C CT ) (<?) 

3d 

= (h + i(l/2-c)u + uC a (a- N))((a- N)g). 

To shorten notation, we denote ZJ = I4 + £(1/2 — c)w. Since ojC a (a ■ N) = C a (a ■ N)u by (£) 
and (C a (a ■ N)) 2 = —1/4 by Lemma l3T37 ££). we easily deduce that 

(37) (57 - uC a (a • N)) (57 + u;C CT (a • JV)) = ZJ 2 + w 2 /4. 

Notice that uJ 2 + w 2 /4 = r, which is invertible by (££). If we apply uJ — ujC a (a ■ N) on both 
sides of ([36]) and we use ([37]) . we obtain 

(38) -(a • N)^ 1 (57 - wC ff (a • AT)) = 5. 

Observe that — (a • N)t~ 1 (lo — LoC a (a ■ N))u = A, which is self-adjoint by (in), and ([38]) can 
be rewritten as A(t CT (u)) = g. Therefore, if u + <&(<?) G D(T), then u and 5 satisfy ([35]) by 
the construction of A, and Theorem 12. llf i) and Remark 12.121 show that T : D(T) — > L 2 (\i) 4 
is self-adjoint. □ 

Theorem 3.13. Assume that E is Lipschitz. Given c G C, there exists e > depend- 
ing only on a, m, and c such that, if co : L 2 (a) 4 — > L 2 (o~) A is a bounded operator with 

IMIl 2 (<t) 4 ^L 2 (ct) 4 < e , 

t = U + w(»(l/2 - c)(a ■ N) + C a ) 
is invertible in L 2 (a) 4 . Moreover, if t~ 1 lo is self-adjoint and we set 

D(T) = {« + <%) : u G W^{jif, g G L 2 (a)\ (r^ut^u) = -g) 
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and T = H + on D(T), where 

V u ((p) = u(c(p + + (1 - c)(p-)a. 
Then T : D(T) C L 2 (fi) 4 -> L 2 (fi) 4 is self-adjoint. 

Proof. That r is invertible follows easily from a Neumann serie argument, since the operator 
norm of a ■ N is 1 (to see it, use that it is self-adjoint in L 2 (<r) 4 and satisfies (a • N) 2 = I4) 
and the norm of C a only depends on a and m. In particular, e can be taken so that 

e > 1/2 + |c| + ||C (J || L 2( CT )4^ L 2( (T )4. 

Assume that r _1 w is self-adjoint. If ip = u + 3>(<?) € D(T), then </>± = t CT (ii) =p ^ (a ■ iV)</ + 
C<r(g) by Lemma [3T3l ( z) . Hence 

VL(¥>) = w(cv?+ + (1 - c)y>_)a = w(t ff (u) + i(l/2 - c)(q • + C CT (s))<7 

= ((a;t ff )(it) + r(ff) - g)a = ((wt ff )(it) - r^ -1 ^)^) - g)a = -ga, 

thus coincides with the potential V introduced in Corollary 12.51 Therefore, Theorem 
ETTIT i) and Remark [2TT21 apply with A = -t~ 1 uj, proving that T : D(T) ->■ L 2 (/i) 4 is 
self-adjoint. □ 

Remark 3.14. Similar results to Lemma 13.31 and Theorems 13.121 and 13.131 hold when S = 
{(xi,X2,X3) £R 3 : X3 = j4(a?i,a;2)} is the graph of a Lipschitz function A : M 2 — > M. (see [2J 
for the case of Lemma l3.3p . We omit the details. 

3.2. Some examples. We give some particular examples of potentials that fit in the last 
two theorems. Concerning Theorem 13.121 we consider the following ones: 

(i) Take A € R and uj = A/4, that is 

V u (<p) = X(a ■ N)(cip + + (1 - c)¥»_). 
In this case, for c = 1/2, r = — A 2 /4 — 1 is invertible for all A G R, and then 
A = 4A(A 2 + 4)" 1 (A(q • N)C a - l) (a • N) 

is self-adjoint. 

(ii) Set uj = r/4 + sC a (a ■ N) with r, s £ R. The commutator [uj, C a (a ■ N)] vanishes and 
r can be written as pl^ + qC a {a ■ N), where p = (2c — l)ir + c(c — 1) (r 2 + s 2 /4) — 1 
and q = (2c — l)is + 2rsc(c — 1). Notice that 

(p/ 4 - qCM ■ N))(ph + qC a (a ■ N)) = p 2 - q 2 /A. 

Hence, r is invertible if p 2 ^ (? 2 /4. It is easy to see that, for c = 1/2, p 2 7^ g 2 /4 holds 
for all r, s G R. Therefore, in this case, [w,C CT (a • iV)] = and r is invertible. It is 
straightforward to check that then A is self-adjoint in L 2 (a) 4 . 

In what respects to Theorem 13.131 we consider the following potentials: 

(m) If we take uj = A/4 with A £ R small enough, that is 

V u (ip) = \(cip+ + (1 - c)tp-), 

then r = I4 + A(«(l/2 — c)(a • N) + Co-) with 0?(c) = 1/2 is invertible and self-adjoint, 
thus At -1 is also self-adjoint. 
(iv) By similar arguments it can be seen that, for u = S(i(l/2 — c)(a • N) + C a ) with 
6 G R small enough and 3ft (c) = 1/2, r is self-adjoint and invertible, thus r -1 u; is 
self-adjoint. 
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(v) It is easy to see that any linear combination of the previous operators, say A/4 + 
5(i(l/2 — c)(a ■ N) + Co-), satisfy the assumptions of the theorem for A and 5 small 
enough and 3i(c) = 1/2. 

Remark 3.15. Note the different nature of Theorems 13.121 and 13.131 since the first one is 
based on a commutativity property and the second one on a smallness assumption. For 
example, for the potential K,(</?) = \(cip+ + (1 — c)(/?_)er, Theorem 13.121 can not be used 
because in this case oj = \(a ■ N), which does not satisfy the assumption (i) of the theorem. 
Indeed, for X = M 2 x {0}, u anticommutes with C a (a • N). 
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